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Abstract. We show that the non-commutative Yang—Mills field forms an irreducible representation of the
(undeformed) Lie algebra of rigid translations, rotations and dilatations. The non-commutative Yang—Mills
action is invariant under combined conformal transformations of the Yang—Mills field and of the non-
commutativity parameter 6. The Seiberg—Witten differential equation results from a covariant splitting of
the combined conformal transformations and can be computed as the missing piece to complete a covariant
conformal transformation to an invariance of the action.

1 Introduction

In non-commutative field theory one of the greatest sur-
prises is the existence of the so-called Seiberg—Witten map
[1]. The Seiberg-Witten map was originally deduced from
the observation that different regularization schemes
(point splitting versus Pauli-Villars) in the field theory
limit of string theory lead either to a commutative or a
non-commutative field theory and thus suggest an equiv-
alence between them.

A particular application of the Seiberg—Witten map is
the construction of the non-commutative analog of gauge
theories with arbitrary gauge group, which automatically
leads to enveloping algebra-valued fields involving in-
finitely many degrees of freedom [2]. The Seiberg—Witten
map solves this problem in an almost miraculous manner
by mapping the enveloping algebra-valued non-commuta-
tive gauge field to a commutative gauge field with finitely
many degrees of freedom.

The renormalization of non-commutative Yang-Mills
(NCYM) theories is an open puzzle: Loop calculations [3]
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and power-counting analysis [4] show the existence of a
new type of infrared divergences. The circumvention of
the infrared problem by application of the Seiberg—Witten
map leads to a power-counting non-renormalizable theory
with infinitely many vertices. In an earlier work [5] we
have proven the two-point function of #-expanded non-
commutative Maxwell theory to be renormalizable to all
orders. However, to show renormalizability of all N-point
functions one cannot proceed without strong symmetries
that limit the number of possible counterterms. In partic-
ular, one needs to find a symmetry that fixes the special
f-structure of the f-expanded theory.

The intuition that the symmetry searched for is related
to space-time symmetries leads us to an investigation of
rigid conformal symmetries (translation, rotation, dilata-
tion) for NCYM theory characterized by a constant field
0#v. The term rigid means that the factor {2 in the con-
formal transformation (ds’)? = £22ds? of the line element
is constant. The reason for this restriction is that 6 has to
be constant in all reference frames.

We show in this paper that the non-commutative Yang—
Mills field A forms an irreducible spin-1 representation
of the undeformed Lie algebra of conformal transforma-
tions. We also prove that the non-commutative Yang—
Mills (NCYM) action is invariant under the sum of the
conformal transformations of A and of 6. This result can
either be regarded as an exact invariance (compatible with
gauge transformations) with respect to observer Lorentz
transformations or as the quantitative amount of symme-
try breaking under particle Lorentz transformations; see
also Sect. 3.

Regarding the combined conformal transformations of
A and 0, one can consider various splittings into individ-
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ual transformations. The splitting is of physical impor-
tance since the individual field-transformations yield the
breaking of particle Lorentz transformations. There is one
(up to gauge transformations) distinguished splitting for
which both individual components are compatible (covari-
ant) with gauge transformations, i.e. the commutator of
these components with a gauge transformation is again a
gauge transformation. This ensures that the breaking of
particle Lorentz transformations is gauge invariant, which
must be the case for an observable. Whereas the §-part of
this covariant splitting cannot be computed, the A—part
is easily constructed by a covariance ansatz involving co-
variant coordinates [6,7]. This covariance ansatz general-
izes the gauge-covariant conformal transformations which
in its commutative form were first investigated by Jackiw
[8,9]. These transformations are loosely related to the im-
provements allowing to pass from the canonical energy-
momentum tensor to the symmetric and traceless one.
Now, the covariant #-complement of the covariant trans-
formation of A can easily be computed as the missing piece
to achieve invariance of the NCYM action. The result is
the Seiberg-Witten differential equation [1].

Almost all splittings of the combined conformal trans-
formation of A and 6 lead to a first-order differential equa-
tion for A which can be used to express the non-com-
mutative fields in terms of initial values living on com-
mutative space-time. The covariant splitting (which leads
to the Seiberg—Witten differential equation) has the dis-
tinguished property that the resulting 6-expansion of a
gauge-invariant non-commutative action is invariant un-
der commutative gauge transformations. This was the
original motivation for the Seiberg—Witten map. We would
like to point out, however, that the original gauge-
equivalence condition [1] is more restrictive than the ap-
proach of this paper — a fact made transparent by our
investigation of non-commutative conformal symmetries.
Moreover, we prove that the #-expansion of the non-com-
mutative conformal symmetries reduces to the commuta-
tive conformal symmetries.

All this means that there are two quantum field the-
ories associated with the NCYM action. The first one is
obtained by a direct gauge fixing of the NCYM action and
the other one by gauge fixing of the #-expanded NCYM
action. The second approach was adopted in [10,5]: Take
the Seiberg—Witten expansion of the NCYM action as a
very special type of an action for a commutative gauge
field A, coupled to a constant external field 6*” and quan-
tize it in the ordinary way (with the linear gauge fixing
in [10]). It is not completely clear in which sense this is
equivalent to the first approach of a direct quantization
of the non-commutative Yang-Mills action. The infrared
problem found in non-commutative quantum field theory
[3,4] and its absence in the approach of [10] shows the in-
equivalence at least on a perturbative level. For interesting
physical consequences of the Seiberg—Witten expanded ac-
tion in non-commutative QED, see [11].

This paper is organized as follows: First we recall in
Sect. 2 necessary information about non-commutative field
theory and covariant coordinates. In Sect. 3 we distinguish
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between observer and particle Lorentz transformations.
After a review of rigid conformal symmetries in the com-
mutative setting in Sect.4 we extend these structures in
Sect.5 to non-commutative Yang-Mills theory, deriving
in particular the Seiberg—Witten differential equation and
the f-expansion of the non-commutative conformal and
gauge symmetries. In Sect. 6 we comment on quantization
and Sect. 7 contains the summary. Longer but important
calculations are delegated to the appendix.

2 Non-commutative geometry
and covariant coordinates

In this section we give a short introduction to non-com-
mutative field theory and the concept of covariant coordi-
nates. We consider a non-commutative geometry charac-
terized by the algebra

[x*,x"] = 16"",

(1)

where 6" is an antisymmetric constant tensor. The non-
commutative algebra may be represented on a commuta-
tive manifold by the x-product

dk d*
0@ = | oy | oy

X e_i(ku+pu)$“e_(i/2)ewk“pyf(k)g(p)

(2)

)

where f(z) and g(z) are ordinary functions on Minkowski

space and f(p) and §(p) their Fourier transforms. Denot-
ing the ordinary (commutative) coordinates by x we have

(3)

Let us now consider an infinitesimal gauge transformation

5C of a field @(z):

[x#,z"], = 2t % ¥ — ¥ x 2t = i0".

0CD(z) = ie(z) » D(z), (4)
with €(z) being an infinitesimal gauge parameter. As usual
one chooses the coordinates to be invariant under gauge
transformations, 6%z = 0. However, with this construc-
tion one finds that multiplication by x does not lead to a
covariant object:

6C (2" % B(x)) # ie(x) * (z" * D(x)). (5)

The solution of this problem, which was given in [7], is to
introduce covariant coordinates [6)

0= 2t 4 0 A, (6)

where the transformation of the field A(z) is defined by
the requirement

6G(XH % d(x)) = ie(x) (XM * D(x)). (7)

The relation (7) leads to the transformation rule for the
field A(z)

0 A (x) = Oue(x) —i[Ayu(2), e(@)]s = Dye(z),  (8)
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and A(z) is interpreted as a non-commutative gauge field.
In this way gauge theory is seen to be intimately related
to the non-commutative structure (3) of space and time.
The covariant coordinates fulfill

[X“, X”]* =i + 19/”9”51?“&& (9)
where Fag = 8a/ig — 85210
mutative field strength.

—i[A,, Ag), is the non-com-

3 Observer versus particle
Lorentz transformations

In general one should distinguish between two kinds of
Lorentz (or more general, conformal) transformations (see
[12] and references therein). Lorentz transformations in
special relativity relate physical observations made in two
inertial reference frames characterized by different veloci-
ties and orientations. These transformations can be imple-
mented as coordinate changes, known as observer Lorentz
transformations. Alternatively one considers transforma-
tions which relate physical properties of two particles with
different helicities or momenta within one specific iner-
tial frame. These are known as particle Lorentz trans-
formations. Usually (without background) these two ap-
proaches are equivalent. However, in the presence of a
background tensor field this equivalence fails, because the
background field will transform as a tensor under observer
Lorentz transformation and as a set of scalars under par-
ticle Lorentz transformations.

Thirdly, having a background tensor field one may con-
sider the transformations of all fields within a specific
inertial frame simultaneously, including the background
field. These transformations are known as (inverse) active
Lorentz transformations and are equivalent to observer
Lorentz transformations.

What kind of “field” is §*%? Since we are consider-
ing the case of a constant 6, it certainly is a background
field. Therefore, all results of this paper refer to “observer”
transformations. This also matches the setting of non-
commutative field theory appearing in string theory. Here
0 is related to the inverse of a “magnetic field” (mostly
taken to be constant). In this sense, Lorentz invariance of
the action means that its value is the same for observers in
different inertial reference frames. Since invariance of the
action always involves the sum of conformal transforma-
tions of A and 0 (see Sect.5.1), one can however take the
“particle” point of view and regard our “observer” invari-
ance as the quantitative amount of “particle” symmetry
breaking due to the presence of 6.

However, we find it desirable to extend the general
analysis to the case of a non-constant #. In this case one
could choose to view 6 as a dynamical field which also
transforms under “particle” transformations.

In the rest of the paper we will simply refer to confor-
mal transformations, leaving out the “observer” prefix.
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4 Rigid conformal symmetries:
commutative case

The Lie algebra of the rigid conformal transformations is
generated by {Pr, M3, D} and the following commuta-
tion relations:

Py, P,] =0, [DD]:O
[Py, Mop) = 9r3Pa — 9raPs, [Pr,D] = —P:,

[Mag, Mys] = gmMgg — 9y Mas — gas Mpy + gps Moy,
[ afBs ] (10)

A particular representation is given by infinitesimal rigid
conformal transformations of the coordinates x*,

@7 = (1 + a7 pu(P)a" + O(a?),
pz(Pr) = 0, (translation), (11)
(@) = (14w py(Mag))z" + O(w?),
pe(Mog) = 0o — 403 (rotation), (12)
(@) = (1 + epz(D))at 4 O(e?),
pz(D) = —2°95 (dilatation), (13)

for constant parameters aT,waﬁ , €.

A field is by definition an irreducible representation
of the Lie algebra (10). In view of the non-commutative
generalization we are interested in the Yang-Mills field
A, and the constant antisymmetric two-tensor field ¥
whose representations are given by

pr(PA, = WA,
W;‘F;T = /d4a:tr (8714“5;;1#> ) (14)
p1(Map)Au = Wfl{;aﬁAw
W}:‘;aﬁ = /d4xtr<(guaAﬁ — gupAa + 1,034,
_mﬁaaAF‘)(Sj“)’ (15)
pL(D)A, = WEA,,
wh = /d‘*m ((A#—kx‘;&;A#)ééu), (16)
and!
poa(PO" = WE 0, WE om0, (17)

! The translation invariance p_2(P;)6** = 0 qualifies #** as
a constant field. It takes however different (constant!) values
in different reference frames. The necessity to have a constant
field in the model forces us to restrict ourselves to rigid con-
formal transformations. Local conformal transformations as in
[13] are incompatible with constant fields. In particular, the
special conformal transformations K, are excluded because the
commutator [K,, Pr] = 2(gorD — M,-) cannot be represented
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pa(Mag)0 = Wh, 6,
Wito g0 = 005" — 650," + 616" 5 — 356",
—a(D)O" = WPoH, Weer .= —201.

(18)

(19)

Throughout this paper we use the following differentiation
rule for an antisymmetric two-tensor field:
o9+
a0re

= %(5555 — 515Y). (20)

The factor 1/2 in (20) ensures the same rotational behav-
ior of the spin indices in (15) and (18). The Yang-Mills
action

)y
4g2

for Fy,, = 0,A, — 0, A, —i[A,, A)] being the Yang-Mills
field strength and g a coupling constant, is invariant un-
der (14)—(16). Moreover the action (21) is invariant under
gauge transformations

é
= 4 D
WA>\ /dxtr( AdA)
D,e=0,e— [uv o,

with a possibly field-dependent transformation parame-
ter A.

d*atr(F,, F™), (21)

(22)

5 Rigid conformal symmetries:
non-commutative case

In this section we show that the non-commutative gauge
field forms an irreducible representation of the same unde-
formed Lie algebra of rigid conformal transformations. To
obtain this representation one has to take the symmet-
ric product when going to the non-commutative realm:
AB — (1/2){A, B}.. Compatibility with gauge transfor-
mations implies that only the sum of the conformal trans-
formations of gauge field A and 6 has a meaning. A co-
variant splitting of this sum allows a #-expansion into a
commutative gauge theory.

5.1 Conformal transformations
of the non-commutative gauge field

We generalize the (rigid) conformal transformations (14)—
(16) to non-commutative Yang-Mills theory, i.e. a gauge

theory for the field jlu transforming according to (8):

W;{_ ::/d4xtr 8TA#LA ,
i 0A,

1 o :
5= /d4xtr ((2{%,8514“}* ~ S5, 0 A

o
5A, ]’

(23)

R
Wi

)

+ GuaAs — guﬂAa> (24)
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D . _ 4 1 5 A A i
= /d xtr <(2{x ,8514“}*4-14“) 5121“ ,(25)

where {U,V'}, := UxV+V«U is the x-anticommutator. It
is important to take the symmetric product in the “quan-
tization” ,dsA, — (1/2){a,d5A,},. Let us introduce
the convenient abbreviation W}l standing for one of the

W WE} and similarly for W, in

T
operators {W Ao’

(17)—(19).
Applying W,fi{-a 8

field strength ﬁ‘w = 8#1211, —8,,AH

to the non-commutative Yang-Mills
—i[A,, A,], one obtains

wkoE,,

1 A .
AsapB i{xﬂaaaF;w}* +gpang

1 .
= i{xmaﬁFMV}* -
- gllﬁﬁall + guaFMB

1 . .
— 5000 A, 054, +

— 9v3Fpa (26)

1 ~ o
595’){(%14”7 00 Ay }s
1 N A 1 . .

+ ieap{apAw aﬁAM}* o §9ﬁp{aPAV’ aaAM}*>

which is not the expected Lorentz transformation of the
field strength. However, we must also take the 6-trans-
formation (17)—(19) into account, which acts on the *-
product in the A-bilinear part of F,“,. Using the differen-
tiation rule for the x-product

WU V) = (WaU)*V +Ux (WiV)

+ 5 (W50) @uU) = @,V), (27)
which is a consequence of (2) and (20), together with
Wi A, =0, (28)

one finds that Wg}a BFIW cancels exactly the last two lines
n (26):

(W8 s+ Whkas) P = 3 (70, 05 Fom b — 3 (9, Fo s
+guaFBv - guﬁFav + gl/OéF[Lﬁ - guBFpa- (29)
In the same way one finds
~ 1 ~ ~
(VV]A3 +W;D)F/w = i{xé’aéFuv}*‘FQFw (30)

It is then easy to verify that the non-commutative Yang—
Mills (NCYM) action

2:-4 2/d4xtr (" % F,,) (31)

is invariant under non-commutative translations, rotations
and dilatations?:

T O R S D o
Wi, 2=0, Wi,  S=0 WP, =0 (32

? In [14] we have shown that an identity like W} p

2017 (95 /96*") = 0 exists for dilatation in the case of non-
commutative ¢ theory
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with the general notation

Wie+Whe=Wiipe. (33)

Computing the various commutators between W};
given in (23)—(25) one convinces oneself that the non-
commutative gauge field 121“ forms an irreducible repre-
sentation of the conformal Lie algebra (10). For conve-
nience we list these commutators (for W?% . which makes

A+o’

no difference to VVZi when applied to A,,) below in (41). Tt
is remarkable that the conformal group remains the same
and should not be deformed when passing from a commu-
tative space to a non-commutative one whereas the gauge
groups are very different in both cases. This shows that
the fundamentals of quantum field theory — Lorentz co-
variance, locality, unitarity — have good chances to survive
in the non-commutative framework.

In particular, the Wigner theorem [15] that a field is
classified by mass and spin holds. The conformal Lie al-
gebra is of rank 2, hence its irreducible representations
p are (in nondegenerate cases) classified by two Casimir
operators,

m? = —g" p(P;)p(P,),

s(s+ )ym? = —g,“,WPL”‘WPL”’7 (34)

where

1

WPLH = T (P ) p(Mo) (35)

is the Pauli-Ljubanski vector and m and s mass and spin
of the particle, respectively. In our case, where p(?) is given

. ? n
by the action of W}h—e on A,, we find

m?A, = -079, A,,
Gooe W HPW L "AM = 2(g,r0° 0,

(36)
— 9,0,)AT + 00,0, A7,

which means that the transverse components of /Al# have
spin s = 1 and the longitudinal component spin s = 0.

5.2 Compatibility with gauge symmetry

The NCYM action (31) is additionally invariant under
non-commutative gauge transformations

PR
WES\ = /d4xtr ((8//\ - I[Ap,a)\]*)(sAA> 5 (37)
n

where \ is a possibly A—dependent gauge parameter. This
means that the symmetry algebra of the NCYM action is
at least® given by the Lie algebra

L=Gg>C (38)

3 Renormalizability seems to require that the symmetry al-
gebra of the NCYM action is actually larger than £
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of Ward identity operators, which is the semidirect prod-
uct of the Lie algebra G of possibly field-dependent gauge
transformations WG with the Lie algebra C of rigid con-
formal transformatlons ng’;{’D}. The commutator rela-
tions of £ are computed to

[WSM WES\Q]

= Wi, WS SamiWG | A (39)
[WAT-FQT’WE I= Wf MWL, X
[W§+9 aﬁ’WG N

- W‘S—z{xmda/\} +3{23,0a A} +WE X
A+0;08

[W,EH’WS; J= Wf—f{xs 5}« +WD ,\’ (40)
W A+eT7 AT+90]:O’
W A+9 7'7 A+9 aﬁ} gTBWA+9a gmwgw;g,
[ A+9¢ W,]:-i-e] W;1F+97
[ A+9 af’ A+9- 6] = gaWWAJre;g[s - gﬁvw,irg;a(;

—gas W3 Atoyp T 986 WA+0 oy
R D
[WA+9 aB’ WA+0} 0,

Wb WP =0

o Wit (41)

It is cruc%{a}l) to use th% sDum of the individual transforma-

tions Wji D} and We{ b} because the individual commu-
tators do not preserve the Lie algebra L:

G

[WA )\7

G
- WA {m“ BBA}*

R .
WA QB]A
{zﬁ,aQ&}*fwgiaﬁxAu

o ~ 1 N “
—502{86“4#, Ao+ 505054, 0,0).

Lo e 1 -
50800 Aps ad e — 506105 A, 05}
w§

i WAl

=W,

A,z{zé 8(5)\} WD/\A +9 p{a(sA;L;a >\}*

5.3 Gauge covariance, covariant representation
and Seiberg—Witten differential equation

In (39)—(41) and (42) we showed that only the combined
operators (18) and (19) with (24) and (25) fulfilled the
algebra. Since 0 is a background field the “splitting”

WA+9—>W + W, (43)

is of physical importance because the breaking of “parti-
cle” transformations (rotation and dilatation)

W= A (44)
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is in principle measurable. Therefore, A’ gets the status of
an observable and should be gauge invariant. However, due
to (42) this is not fulfilled by (24) and (25), which leads
us to the conclusion that (24) and (25) are not the true
“particle” transformations. Instead, we look for a splitting

T _u? =W+ W,
Wig=Wit Wy =W+ W, (45)
Wi Wesl = Wgﬁg, Wy, W5l =Wis,. (46)

for appropriate field-dependent gauge parameters 5\7A and
5\;. Equation (46) implies that the breaking of “particle”

P . : . . B
trans orma‘clonﬁ}fi Eaig%u’wawgt;\ A’ —o. (47)

Because of (40), each of the two relations in (46) is of
course the consequence of the other relation. Furthermore,
we impose the condition that the splitting should be uni-
versal in the sense W, = W/ (677)(d/d677):

~ dA, ¢
? IV? ‘V? o 4 Ja)
A A 0(9p )/dl’tl‘ <d9pg§Au>v

~ dA, §
? ? ?ppo 4 14
Wy =Wy + Wy (0 )/d wtr <d0p05A#>

d
dgre’

=W, (67) (48)

The notation d/iu/dep" is for the time being just a symbol
for a field-dependent quantity with three Lorentz indices
and power-counting dimension 3. Inserted into (46) one
gets the equivalent conditions

—i[W3 A, Ny = WE(Wi(AL) = Du(N = WEN),
(49)
dA, - 1o .
WG? (apo) <_i d@f’i ’ Al + i{aPA#v 80)‘}*
dA L e o
-5 <d99i>> = Du(Ng — Wi (). (50)

Whereas (50) cannot be solved without prior knowledge
of the result?, we can trivially solve (49) by a covariance
ansatz:

Wi =W+ /d‘{m (Fw({> , (51)
; e 5A,
. 1 . .
R _ /G 4
WA;aﬁ B WA;XO‘RE + /d mtr( (2{Xa7 Fﬁﬂ}*
Lk, By - WE L0000 )‘5 (52)
2 By Loy fx 0;a3 PO 614” )
W= ws, (53)

* One can make of course an ansatz for dA, /d6°° with free
coefficients to be determined by (50)
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o (g my e )0
+/d xtr ((2{X ’F‘SH}* We (9 )on'u 5AH )

where X* =zt + G“VAV are the covariant coordinates
[6,7] and {2,,, is a polynomial in the covariant quanti-
ties O,X,F,D ... DF which is antisymmetric in p, o and
of power-counting dimension 3. For physical reasons (e.g.
quantization) an X—dependence of pr should be ex-
cluded. We denote (51)—(53) as covariant transformations
of the non-commutative gauge field A,
because these transformations reduce in the commutative
case to the “gauge-covariant conformal transformations”
of Jackiw [8,9].

It follows from (38) and (45) that W, and thus dA,,/
d6”? are (up to a gauge transformation) precisely the miss-
ing piece to complete (52) and (53) to an invariance of the
action,

(WE s T Wotap)X =0, (W2 o+ Waap) X = 0.(54)
Applying (51)—(53) to the NCYM action (31) we obtain
for 2,5, =0

WS-, (55)
. . 1 . . . .
Wiap> = 72 / d*2tr(0ap 77 * Tho — 05,77 % Tog),
(56)
. 1 o
gg:?/&mmyW*%J (57)

where the quantity

~ 1~ ~ A ~ 1 - [po
TuuziFup*pr—F FVP*FHP_ZQMVFPU*FP (58)

DN | =

resembles (but is not) the energy-momentum tensor. The

calculation uses however the symmetry 1, = Tvu (a con-

sequence of the symmetrical product in (52)) and trace-
lessness gHvT, uw = 0. We give in Appendix A details of the
computation of (56). As we show in Appendix B, the first
(rotational) condition in (54) has, reinserting {2 the

solution

PO LS

dA,
dgeo

1 - - . 1 - N .
= 7§{A/)a aO'A[L + FU[L}* + g{Aav apA/L + Fp/t}*

+0 (59)

PO LS
which is also compatible with the second (dilatational)
condition in (54). The solution (59) is for §2,,, = 0 known

as the Seiberg—Witten differential equation [1]. It is now
straightforward to check (50) for an arbitrary field-

dependent gauge parameter A\. The gauge parameters in
(48) are
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i,
w1 o 1 . 2
Aap = 11200 +0.°4,, Aghy = {225 + 074, Au}s,

>
=}
I

1 -
AP = 5{955,,45}*. (60)

5.4 O-expansion of non-commutative gauge
transformations

The meaning of the second condition in (46) is easy to
understand: Wg applied to a gauge-invariant functional
remains gauge invariant. Because W, (6°7) commutes with
Wf 50 we conclude with the notation

d 9 +/d4t dA, &
dors ~ 9gre T\ a7 54,

(see (48)) that

WG

Ao (37 (61)

d G
[defm’w }

where \,,()) is determined by A and the choice of dA,,/
d@7?. In particular, we conclude from (61) that
darr
dgrior . d@enon

(62)

is gauge invariant if I" is gauge invariant Given any first-
order differential equation dA,,/d0?” = & ,,,[A, 0] we can
express A in terms of 6 and the initial value A at 6 =

0. In the same way, the first-order differential equation
expresses any (sufficiently regular) functional I'[A, 6] in
terms of # and the initial value A:

i leplal - eann an[A’ 9]
n! dfrior . dfenon '
0=0

n=0

T'A, 0] :=

(63)

The special choice (59) of the differential equation has due
to (62) the distinguished property that

= W@

G A _
WAﬁj\(F[A79]) - AN= )\|9 o

o1
(Z nlgpwl

n=0
d"T'[A, 6]

..APnOn 2 _

o (daﬂm ...dt%%) ) =0

0=0

In other words, any approzimation up to order N in 0 of
a non-commutatively gauge-invariant functional I” [1[1, 0] is
invariant under commutative gauge transformations if the
0-evolution is given by (59), i.e. the solution of (46). We
stress that the non-commutative conformal transforma-
tions (23)—(25) and their commutators (40) with gauge
transformations enabled us to compute the gauge-equiva-
lent #-expansion of Seiberg and Witten directly (without

(64)
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an ansatz) via the equivalent but much simpler solution
of (54) for the trivially obtained covariant transformations
(48).

Our condition (46) is more general than the original
gauge-equivalence requirement [1] by Seiberg and Witten.

To see this we consider the #-expansion of WE ;\Au taking

(61) into account, where A is allowed to depend on A. To
demonstrate the relation we consider the term to second
order in 6:

217G A
ew§ A,

d@riordgezoz
d d o o d o\ .

- dério <|:dep202 ’WA;S\} + WA§5\ dQPZUQ) A“

d

G G
(WA >‘P1 oq ()‘p202 (A)) + WA§5\0202 (5‘) d@rio
d G d2 ~
WA§5\ doriordgrzo2 ) A”'

G
T WA;Xplal(j\) d@rz02

Setting 8 — 0, generalizing it to any order n and inserting
the result into the Taylor expansion (63) we obtain

A,\[,\Ae]( 1,[4,6),
_(/\)9 0+ 07 (Moo (A))o=
+ 0;71(719/7202( P101(5‘P202(5‘)))9:0+"'

(W3 4,)[A,0 =
AN A, 6]

(65)

Equation (65) is the original Seiberg—Witten gauge-equiva-
lence [1] iff (A, (A))g=0 = 0. In other words, our approach
via (46) — which leads to the same 9—expansion as the
Seiberg—Witten requirement; see (64) — is more general.

5.5 f-expansion of non-commutative conformal
transformations

According to (63) let us compute the #-expansion of the
non-commutative conformal transformation of a functio-
nal I'[A, 0] approximated up to order N in 6,

N d"(W?  I'[A,6
E 1'90101...9/%0”( ( Ato [ ])) ) (66)
mn.
6=0

d6eror .. d@enon
n=0

As a typical example we regard the n = 2 term in this
series, which we derive by the following procedure. Before
putting 8 = 0 we consider
d? (WA+9F[A 0])

dfrioidfrz02

A [ g AV, 1A
dgrio d@rz02

T; = QP1O1HP202
= grio1

(W, 1A;0)
dgrz202

The crucial property we use is the identity

? d _
|:WA+9’ d9p0:| - O’

_9/)202

67
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which is valid for a very general class of differential equa-
tions. See Appendix C for details. Thus,

pacs dI'[A; 0]
d@rz02

(69)

d
7 ? o
T2 - WA+9 <9p1 ' d@rio:

_goros AL[4;0)
d@rz02

d2I'[A; 6]
_ ? 101 9p202 ’
- Wz‘i+9 <0p 0 d@p101d9p202>

— (Wg+9(9P101)9P202 +9P101Wg+9(9f7202))

d2I[A; 0] o101 P22 T d2I'[A; 0]
x doriordgrzo2 +0 0 WA+9 dOrioidfrz02

— 9/)1018920'2 an(epa) dQF[Ay 0]
B dfrror dgrodfrzoz

oW, (677) d2T[A; 6] W d2I'[4; 6]
+ 00r202  J@rio1dgro + A+to dOriordgrzo2 ’

using the linearity of W, (6#7) in 8. We can now omit the
leading factors of § from T3 in (67) and (70), generalize it
to any order n and put 6 = 0:

n ? A
" (W', I'A,6)
domor . dgenen |

x (d@ﬂlm
, d"I'[A; 6]
Wa (deﬂm g |

Note that from WEH p at 0 = 0 there survives only the

N I (07)
- 00rioi

0=0

(70)

=1
d"I'[A; 6]
... d@ri-1oi-1d@rodOri+1oi+1

commutative conformal transformation W,Zx defined in
(14)—(16). Inserted into (66) we get the final result

N S R
Z iepm ... gPnOn (d (WA+9F[Aa9])>
=0

n! d@rror . d@Pnon

n=0

N
— WA+0 (Z 590101

n=0

. d"I'[A, 6]
L.pP (del)m : ..d@%%) ) . (T1)
6=0

This result can be formulated as the following theorem:
Acting with the non-commutative conformal transforma-
tions (translation, rotation, dilatation) on action function-
als I'[A, 0] and applying the Seiberg-Witten map is iden-
tical to the action of the commutative translation, rotation
and dilatation operations, respectively, on F[A[A, 0],9].
The result means that with the non-commutative con-
formal symmetries there are — after a Seiberg—Witten map
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— no further symmetries associated than the standard
commutative conformal symmetries. Thus, the non-
commutative conformal symmetries do not give any hints
for the renormalization of non-commutative Yang—Mills
theories.

6 Quantization

Passing from a classical action with gauge symmetry to
quantum field theory one must introduce gauge-fixing
terms to the action in order to define the propagator.
Here we repeat this construction for the non-commutative
Yang-Mills theory.

The NCYM theory is enlarged by the fields ¢é,¢, B
which transform according to the following representation
of (10):

T _ /T
WA+&+E+B+0;T - WA+9;T
) .0 )
+/d4xtr aféﬁ +87-67 +87—Bi,\ s (72)
o¢ oc 0B
R _ /R
WA+6+3+B+0;a6 - WA+0;aﬁ

1 . 1 . 1)

+/d4xtr (<Q{xa, D3c}y — §{$5, 3a0}*) 52
1 N 1 N 1)

+ (2{$a, aﬁc}* - i{xﬁa aozc}*> %

1 A 1 A 1)
# (5ladsB). - 5len0uB)) 25, (7
D _ wD
WA+@+6+B+0 - WA+9
+/d4:13tr }{,’Eé 0sc} S
2\ P 5e
+ (;{x67855}* + 25) %
]. 5 il 5

The non-commutative BRST transformations are given by

(74)

3A, = D¢, s¢=B, $B=0. (75)

8¢ = —iéx ¢,

It is then not difficult to verify that the standard gauge-
fixing action

5= ot s (e 38)))
is conformally invariant:
;ir+6+é+B+9;Tfjgf =0,
W§+a+é+é+9;a529f =0,
W]A?+a+é+3+eﬁgf = 0. (77)

Loop calculations based on ZA‘—l—f]gf in (31) and (76) suffer
from infrared divergences [3].
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To circumvent the IR-problem one can however use the
f-expansion of the NCYM action leading to a gauge field
theory on commutative space-time coupled to an external
field 6. This action is quantized according to the analogous
formulae as above, omitting everywhere the hat symboliz-
ing non-commutative objects and replacing the x-product
by the ordinary product. This approach was used in [10]
to compute the one-loop photon self-energy in 8-expanded
Maxwell theory and in [5] to show renormalizability of the
photon self-energy to all orders in A and 6.

7 Summary and outlook

We have established rigid conformal transformations (23)—

(25) for the non-commutative Yang-Mills field A. Our re-
sults related to these transformations can be summarized
as follows.

W¢.
q-NCYM ‘T NCYM -—— invariance under { Wz;’\* W = W;; W }
quantization W3+ Wy, LV,(;;;;] = WAG;;,

covariance ansatz for

solution of
Il

Seiberg-Witten differential equation
quantization |

. #-expansion
YM, !

q-YM,

The (classical) non-commutative Yang—Mills action
(31) is invariant under the Lie algebra £ of gauge trans-

formations W and the sum W} + W of conformal

transformations of A and 6. The commutation relations
[Wg + Wy, WE;\] =W¢$ ., in £ suggest a covariant split-

A;S\L ~
ting W} + Wy = W} + Wy. The relation [WE,WES\] -
W& s trivially solved by a covariance ansatz. Then, the

A;S\’ ’ B
covariant complement W, is simply obtained from invari-
ance of the NCYM action under Wg—i—Wg -transformation.

The solution for Wg is given by the Seiberg-Witten dif-
ferential equation (59). What we have thus achieved is
a more transparent — and less restrictive — derivation of
the Seiberg—Witten differential equation which does not
require the usual ansatz of gauge equivalence.

The covariant splitting of the combined conformal
transformations was motivated by the observation that
the breaking of particle Lorentz transformations should
be gauge invariant, an observable.

Interpreting the Seiberg—Witten differential equation
as an evolution equation we can express the non-commuta-
tive Yang-Mills field A in terms of its initial value A. The
resulting §-expansion of the NCYM action is due to the
covariance [Wg, W ] = W, invariant under commu-
tative gauge transformations. ’Moreover, non-commutative
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conformal transformations reduce after #-expansion to
commutative conformal transformations. In this way we
associate to the NCYM theory a gauge theory YMy on
commutative space-time for a commutative gauge field A
coupled to a translation-invariant external field 6. Both
gauge theories can be quantized by adding appropriate
gauge-fixing terms and yield the two quantum field the-
ories -NCYM and q-YMy, respectively. It is unclear in
which sense these two quantum field theories are equiv-
alent. At least on a perturbative level the quantum field
theories ¢-NCYM and g-YMy are completely different.

Loop calculations [3] and power-counting analysis [4]
for ¢-NCYM reveal a new type of infrared singularities
which so far could not be treated. Loop calculations [10]
for g-YMy are free of infrared problems but lead appar-
ently to an enormous amount of ultraviolet singularities.
This is not necessarily a problem. For instance, all UV-
singularities in the photon self-energy are field redefini-
tions [5] which are possible in presence of a field 6#* of
negative power-counting dimension. For higher N-point
Green’s functions the situation becomes more and more
involved and a renormalization seems to be impossible
without a symmetry for the 6-expanded NCYM action.
We had hoped in the beginning of the work on this pa-
per that this symmetry searched for could be the Seiberg—
Witten expansion of the non-commutative conformal sym-
metries. As we have seen in Sect. 5.5 this is not the case
and the complete renormalization of NCYM theory re-
mains an open problem.

We have proved that the non-commutative gauge field
is an irreducible representation of the wundeformed con-
formal Lie algebra. The non-commutative spin-1/2 repre-
sentations for fermions have been worked out in [16]. This
shows that classical concepts of particles and fields extend
without modification to a non-commutative space-time.
We believe this makes life in a non-commutative world
more comfortable.

Of course much work remains to be done. First we have
considered a very special non-commutative geometry of a
constant 6#”. This assumption should finally be relaxed;
at least the treatment of those non-constant #** which
are Poisson bivectors as in [18] seems to be possible. The
influence of the modified concept of locality on causality
and unitarity of the S-matrix must be studied. Previous
results [19,20] with different consequences according to
whether the electrical components of #¥ are zero must
be invariantly formulated in terms of the signs of the two
invariants 670, and €,,,,0""077. Eventually the renor-
malization puzzle for non-commutative Yang—Mills theory
ought to be solved.
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Appendix
A Covariant A-rotation of the NCYM action

Let us give here the calculations leading to the result (56).
The first input is the A-variation of the NCYM action (31)

0x 1 .
- = —Q(D Fr) (). (A1)
§Au(z) 9
Inserted into (52), for 2,4, = 0, we obtain
~ ~ 1 4 A A
g™ = 5z [ datr (Ko x P (A.2)

+ Fgu*f(a —)A(g*ﬁw —FW*)A%) *ZA)KF"“)

1 % - [ s
=5 /d4xtr (Xa X (DK{FBM,F ",
— {DulF,), 7))

— X,B * (ﬁn{ﬁauvﬁnu}* - {D/{(Faﬂ)v FHM}*)> .

Now we use the Bianchi identity Do F By —I—f)gﬁm +IA).YFag
= 0 and the antisymmetry in &, u to rewrite

A A N 1~ . .
D, (Fg,)~ F™ = §D[3(F,.{,,,) * FRH (A.3)

and similarly for the other terms in (A.2). We then obtain

- N 1 ~
R _ 4
Wh 2= p /d xtr(Xa*

165t

Lo~ [
D, (5 ).

— Xpx D, ( {Fyp, ETH

— / d4xtr

Xo) 1) + Dy(Xp) # 17 )

}*—éaz{m,ﬁﬂy}”

Xﬁ*TS)

X *Tﬁ

|
b

(A.4)

where we have used (58) and the derivation property of
D,.. Note that the total derivative [ d*ztr(D, J"”"ﬁ) in(A4)
vanishes. The result (56) follows now from

DHXOL = gar T eal’ﬁnuv (A5)

which is easily derived from the formulae in Sect.2, and
the symmetry T,g = T3aq.
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B Derivation of the Seiberg—Witten
differential equation

We first compute the explicit #-dependence of the -
product according to the last term in (27),

. 1 o J1, 4
Wit 2 = - / d*ztr (%,ﬁ%a * {2aﬁAV,F

— 03,0 A% % {;GQAU,FUV} ) .

Then, (48) and (A.1) yield
W;?aﬁff = rhs(B.1)

1
+= / d*ztr (((sgaﬁa —050,7 + 05075 — 656°,,)
g

dA LD F”“)

" 6
=rhs(B.1)

2 4 o dAIL
Jrgfg/d xtr <0a D, (d@ﬁ‘f

> * [rn
S d
- 95 Dy (d@ao’
where rhs(B.1) stands for the right hand side of (B.1).
Inserting (56), (B.1) and (B.2) into the first condition (54)
and splitting the result into the independent parts with

coefficients 6,,/9* and 63,/g* we find for the first one

(B.2)

0— / datr <F w gy — 50°A7 % (054, F, "),

dA,\ .

1 o P .
= /d4xtr( — 58”14“ *x{D,Ag, F,"},

+2¢7° D, (

- aﬂAﬁ*{ E, PPy, — D"A”*{Fﬁy B

ool — ool

:/d4xtr (g” (— {&,AM,ﬁVAg}*—% " mF,@,,}*
1 . dA, ,

_ g{Fgﬁ,Fl“,}* +2D, d95‘7> ) * ' )

= /d4xtr( < {D Ag,0,A, + Fy,}.
1 ~ & ~ ~

- E{DNAOWaﬁAV + Fﬂl/}*
Loa - - [ dA, ~_

_ g{FaﬁvF/w}* +2D, (d@ﬁff)) * F'H ) , (B.3)



A.A. Bichl et al.: Non-commutative Lorentz symmetry and the origin of the Seiberg—Witten map

where we have used several times cyclicity of the trace,
the identity Fj, = 03A, — D, A and the antisymmetry
of F,,. Now we consider

/ datr({Ag, Dy (0 Ay + Eyp) s 5 E7)
_ / date({Ag, DuDy Ay + 2D, Fpy}e x )
_ / d4xtr({/15,;mw,gamﬁgﬁw} N F>

— / d*ztr (;[AB,AU]* {1V,

(B.4)

N

Doy s {Fo, F}) ,

where we have used the Bianchi identity and integrated
by parts. Antisymmetrizing in 3,0 we obtain

/d4xtr({flﬁ,ﬁ“(8aﬁy + Fy) b E1Y
_{Aaa Du(aﬁfiu + Fﬂy)}* * F'U'V)

:/d‘*m <—;{Fgﬁ,ﬁw}**FW). (B.5)

Combining (B.3) and (B.5) we arrive at
N 1 - ~ .
0= /d4;1;tr (DM (4{145, 80141, + ij}*

1, . L dA .
A, 054, + Fa ), 20 | w R ) (B,
which leads after reinsertion of Qprw to the Seiberg—
Witten differential equation (59).

C The commutator between rotation
and total @-variation

We will prove here (68) in the case of rotation. As usual

it is sufficient to evaluate the commutator on fl# and on
g#”. The last one is zero because rotation and dilatation
of 8 commute; see (10). In fact the commutator will vanish
for a very general class of differential equations. Let

dA,

6°
deee

= 0P (C.1)

PO LS

where &5, is a polynomial in> A and 6 with power-
counting dimension 3. We assume that ®,,, transforms
as a tensor under rotation

1 1
WEJrg;ag@pau = i{ffa»aﬁq}pou}* - i{xﬁv aa@ptm}*

5 & may also depend on the coordinates. In this case however,
(C.2) should also involve rotation of the coordinates
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+90aPsop = 9p8Pacp + 9oaPpsu — 9oL pan
+gua¢p0',8 - guﬁépoa- (02)

We find
wh oo | 4, — (077 P 1)
At6;08"7  qpeo | T Av6sap pop
d 1 .
_pgro -
0 00 (Q{xa, OpAu}x
1 - N R
,i{xﬁ, GQA,L}* + gaHA,g — gﬂ,uAa)
= eap (djpﬁu - ¢5PM) - Hﬂp @pau - djapu)
(1 1
+9p é{xa, 8ﬁ¢pg#}* - 5{995, Ga@pa#}*
+9paPpop — 9psPacp
+90aPpsp — 9o8Ppap + JuaPpos — 9#5@p0a>
(1 1
—6” 5{1047 9P popts — i{xﬁvﬁaépau}*
+gau¢poﬁ - gﬁu¢pao¢>
=0. (C.3)

Now, one checks that dA,/d##? from (59) fulfills (C.2),
whereby we have proven (68) for rotation. The proof of
(68) in the case of dilatation is performed in a similar
manner. The translational proof is immediate.

We stress, however, that (68) by no means singles out
the Seiberg—Witten differential equation.
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